Abstract. The exponential stability, in both mean square and almost sure senses, for energy solutions to a nonlinear and non-autonomous stochastic PDEs with finite memory is investigated. Various criteria for stability are obtained. An example is presented to demonstrate the main results.
Introduction
Recently stochastic partial differential equations have attracted a lot of attention, and various results on the existence, uniqueness and the asymptotic behaviors of the solutions have been established; see, for example, [5, 6, 7, 8, 9, 11, 13, 14, 22] . In particular, stability of solutions has been studied by the methods of coercivity conditions, the Lyapunov functionals, and energy estimates (see [2, 12, 18] ).
A few authors have studied stochastic partial differential equations in which the forcing term contains some hereditary features; see, for example, [4, 5, 20] . These situations may appear, for instance, when controlling a system by applying a force which takes into account not only the present state of the system but also the history of the solutions. The exponential stability of the mild solutions to the semilinear stochastic delay evolution equations was discussed by using Lyapunov functionals (see [10, 19] ). When discussing the asymptotic behavior of solutions, the method by Lyapunov functionals is powerful. However it is well known that the construction of Lyapunov functionals is more difficult for functional differential equations such as differential equations with memory.
The purpose of this paper is to discuss the mean square exponential stability and almost sure exponential stability of the energy solutions to the following nonlinear and non-autonomous stochastic partial differential equation with finite memory: 
The contents of this paper are as follows. In Section 2 we present some preliminaries and consider the existence of energy solutions (see Definition 2.1). In Section 3 we consider stability of the nonlinear and non-autonomous stochastic partial differential equations with finite memory. In Section 4 we present an example which illustrates the main results in this paper.
Preliminaries
Let V , H and K be separable Hilbert spaces and let L(K, H) be the space of all bounded linear operator from K to H. We denote the norms of elements in V, H, K and L(V, H) by · , | · | 2 , | · | K and | · | respectively. And | · | * denotes the norm of V * , < ·, · > denotes the duality between V and V * . Suppose that V and
where V is a dense subspace of H and the injections are continuous with
We are given a Q-Wiener process in the complete probability space (Ω, F , P, {F t } t≥0 ) and have values in K, i.e. W (t) is defined as
where B n (t), (n = 1, 2, · · · ) is a sequence of real value standard Brownian motions mutually independent on (Ω, F , P, {F t } t≥0 ), λ n ≥ 0, (n = 1, 2, · · · ) are nonnegative real numbers such that n≥1 λ n < ∞, {e n } n≥1 is a complete orthonormal basis in K, and Q ∈ L(K, K) is the incremental covariance operator of the process W (t), which is a symmetric nonnegative trace class operator defined as
be the space of all bounded linear operators from K to H with the following condition:
First we give the definition of an energy solution to (1). 
(iii) the following stochastic energy equality holds:
In order to guarantee the existence and uniqueness of energy solution X(t) to (4), we need the following conditions: (A1) (Monotonicity and coercivity) There exist α > 0 and λ ∈ R such that for a.e. t ∈ (0, T ),
(A2) (Measurability) For any v ∈ V, the mapping t ∈ (0, T ) → A(t, v) ∈ V * is measurable. (A3) (Hemicontinuity) The next mapping is continuous for any u, v, w ∈ V, a.e.
t ∈ (0, T ) :
(A4) (Boundedness) There exists c > 0 such that for any v ∈ V, a.e. t ∈ (0, T ) :
(A5) (Lipschitz condition) There exists c 1 > 0 such that for any ξ, η ∈ C and
We have the following result on the energy solution to (4) (see [4, 13, 17 (4) . Furthermore, the following identity holds:
Throughout this paper, we assume the existence of the energy solutions to (1) with E ϕ 2 C < ∞.
Main results
In this section we discuss the stochastic partial differential equations with finite memory which are the examples of (1). Let ρ, τ : [0, ∞) → [0, r] be continuous functions and r > 0 is a constant. Assume that
We consider the following stochastic partial differential equation with finite memory:
with the initial condition
) and G(t, ψ) = h(t, ψ(−τ (t))) for any ψ ∈ C. Then (4) can be viewed as a stochastic functional partial differential equation (1) with F (t, ψ) = F 1 (t, ψ) + f (t). Note that we do not require that ρ(t) and τ (t) are differentiable functions. Now we first state the following result on exponential stability in mean square. 
, where λ 1 is defined by (2) . Then for any energy solution X(t) to (4) , there exist σ ∈ (0, σ 1 ) and B > 1 such that
In other words the energy solution X(t) to (4) converges to zero exponentially in mean square as t → ∞.
Proof. From (B5), there exists γ 1 > 0 such that
Thus we can take γ 2 > 0 such that
Furthermore, we can choose σ ∈ (0, σ 1 ) such that
where a = (
It is clear that K(t) is continuous on [−r, ∞) and
From (B2) and (B3), it follows that for t ≥ 0
Now we claim that
In fact, if (9) is false, then there exists t 1 > 0 such that for ∀ε > 0,
exists (by (7)), we see that (10) and (12), it follows that
Thus, one obtains d dt K(t 1 ) < 0, which contradicts with (11) . Hence, (9) holds true and we obtain
where Proof. Let N 1 and N 2 be positive integers such that
It follows from (B6) that there exists B 1 > 0 such that
Then we obtain from (3)
Then, by the Burkholder-Davis-Gundy inequality ( [15, 16] ), 2E sup
Therefore it follows from (B1) − (B3) and (5) that
Let ε N be any fixed positive real number. Then,
From Borel-Cantelli's lemma ( [1, 15] ), it follows that there exists T (ω) > 0 such that for all t > T (ω)
The proof is complete.
An Example
In this section we present an example which illustrates the main results. We consider a sufficient condition for any energy solution to a stochastic heat equation with finite memory to converge to zero exponentially in mean square and almost surely exponentially. Let A = γ 1 ∂ 2 ∂x 2 ,where γ 1 > 0, H = L 2 (0, π) and Consider the following stochastic heat equation with finite memory ρ(t) and τ (t):
dX(t) = AX(t) + g(t, X(t − ρ(t)))dt + h(t, X(t − τ (t)))dw(t), 
